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Realizable Hamiltonians for universal adiabatic quantum computers
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It has been established that local lattice spin Hamiltonians can be used for universal adiabatic quantum
computation. However, the two-local model Hamiltonians used in these proofs are general and hence do not
limit the types of interactions required between spins. To address this concern, the present paper provides two
simple model Hamiltonians that are of practical interest to experimentalists working toward the realization of
a universal adiabatic quantum computer. The model Hamiltonians presented are the simplest known quantumMerlin-Arthur-complete 共QMA-complete兲 two-local Hamiltonians. The two-local Ising model with one-local
transverse field which has been realized using an array of technologies, is perhaps the simplest quantum spin
model but is unlikely to be universal for adiabatic quantum computation. We demonstrate that this model can
be rendered universal and QMA-complete by adding a tunable two-local transverse xx coupling. We also
show the universality and QMA-completeness of spin models with only one-local z and x fields and twolocal zx interactions.
DOI: 10.1103/PhysRevA.78.012352

PACS number共s兲: 03.67.Lx

I. INTRODUCTION

What are the minimal physical resources required for universal quantum computation? This question is of interest in
understanding the connections between physical and computational complexity, and for any practical implementation of
quantum computation. In 1982, Barahona 关1兴 showed that
finding the ground state of the random field Ising model is
NP-hard. Such observations fostered approaches to solving
problems based on classical 关2兴 and later quantum annealing
关3兴. The idea of using the ground-state properties of a quantum system for computation found its full expression in the
adiabatic model of quantum computation 关4兴. This model
works by evolving a system from the accessible ground state
of an initial Hamiltonian Hi to the ground state of a final
Hamiltonian H f , which encodes a problem’s solution. The
evolution takes place over parameters s 苸 关0 , 1兴 as H共s兲
= 共1 − s兲Hi + sH f , where s changes slowly enough that transitions out of the ground state are suppressed 关5兴. The simplest
adiabatic algorithms can be realized by adding noncommuting transverse field terms to the Ising Hamiltonian 兺ihizi
+ 兺i⌬ixi + 兺i,jJijzi zj , 共see Ref. 关6兴兲. However, it is unlikely
that the Ising model with transverse field can be used to
construct a universal adiabatic quantum computer 关7兴.
What then are the simplest Hamiltonians that allow universal adiabatic quantum computation? For this we turn to
the complexity class quantum-Merlin-Arthur 共QMA兲, the
quantum analog of NP, and consider the QMA-complete
problem k-LOCAL HAMILTONIAN1 关8兴. One solves k-LOCAL
HAMILTONIAN by determining if there exists an eigenstate
with energy above a given value or below another—with a
promise that one of these situations is the case—when the
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In computer science parlance, “problems” such as
LOCAL HAMILTONIAN are capitalized.
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HZZXX = 兺 hizi + 兺 ⌬ixi + 兺 Jijzi zj + 兺 Kijxi xj .
i

i

i,j

i,j

共1兲
Theorem 2. The problem: 2-LOCAL ZX HAMILTONIAN is
QMA-complete, with the ZX Hamiltonian given as
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system has at most k-local interactions. A “yes” instance is
shown by providing a witness eigenstate with energy below
the lowest promised value.
The problem 5-LOCAL HAMILTONIAN was shown to be
QMA-complete by Kitaev 关8兴. To accomplish this, Kitaev
modified the autonomous quantum computer proposed by
Feynman 关9兴. This modification later inspired a proof of the
polynomial equivalence between quantum circuits and adiabatic evolutions by Aharonov et al. 关10兴 共see also Refs.
关11,12兴兲. Kempe, Kitaev, and Regev subsequently proved
QMA-completeness of 2-LOCAL HAMILTONIAN 关14兴. Oliveira
and Terhal then showed that universality remains even when
the two-local Hamiltonians act on particles in a subgraph of
the two-dimensional 共2D兲 square lattice 关15兴. Any QMAcomplete Hamiltonian may realize universal adiabatic quantum computation, and so these results are also of interest for
the implementation of quantum computation.
Since the 1-LOCAL HAMILTONIAN is efficiently solvable,
an open question is to determine which combinations of twolocal interactions allow one to build QMA-complete Hamiltonians. Furthermore, the problem of finding the minimum
set of interactions required to build a universal adiabatic
quantum computer is of practical, as well as theoretical, interest: every type of two-local interaction requires a separate
type of physical interaction. To address this question we
prove the following theorems:
Theorem 1. The problem: the 2-LOCAL ZZXX HAMILTONIAN is QMA-complete, with the ZZXX Hamiltonian
given as

SAT,

and

HZX = 兺 hizi + 兺 ⌬ixi + 兺 Jijzi xj + 兺 Kijxi zj . 共2兲
i
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Structure. In the present paper we briefly review the standard circuit to adiabatic construction to show that 2-LOCAL
HAMILTONIAN is QMA-complete when restricted to realvalued Hamiltonians. We then show how to approximate the
ground states of such two-local real Hamiltonians by the ZX
and ZZXX Hamiltonians. We conclude this work by providing references confirming our claim that the Hamiltonians in
Eqs. 共1兲 and 共2兲 are highly relevant to experimentalists attempting to build a universal adiabatic quantum computer.

spanned by all states with a single domain wall. The term
Hclockint applies a penalty 兩1典具1兩t=1 to the first qubit to ensure
that the clock is in state 兩0典 丢 T at time t = 0.
Hprop acts both on logical and clock qubits. It ensures that
the ground state is the history state corresponding to the
T
Hprop,t,
given circuit. Hprop is a sum of T terms, Hprop = 兺t=1
where each term checks that the propagation from time t
− 1 to t is correct. For 2 ⱕ t ⱕ T − 1, Hprop,t is defined as
def

Hprop,t = 1 丢 兩t − 1典具t − 1兩 − Ut 丢 兩t典具t − 1兩
− U†t 丢 兩t − 1典具t兩 + 1 丢 兩t典具t兩,

II. THE PROBLEM

The translation from quantum circuits to adiabatic evolutions began when Kitaev 关8兴 replaced the time dependence of
gate model quantum algorithms with spatial degrees of freedom using the nondegenerate ground state of a positive
semidefinite Hamiltonian:
0 = H兩hist典 = 共Hin + Hclock + Hclockinit + Hprop兲兩hist典. 共3兲
To describe this, let T be the number of gates in the quantum
circuit with gate sequence UT ¯ U2U1 and let n be the number of logical qubits acted on by the circuit. Denote the circuit’s classical input by 兩x典 and its output by 兩out典. The history state representing the circuit’s entire time evolution is
兩hist典 =

1

冑T + 1 关兩x典 丢 兩0典

丢T

+ U1兩x典 丢 兩1典兩0典 丢 T−1

+ U2U1兩x典 丢 兩11典兩0典 丢 T−2 + ¯
+ UT ¯ U2U1兩x典 丢 兩1典 丢 T兴,

共4兲

where we have indexed distinct time steps by a T qubit unary
clock. In the following, tensor product symbols separate operators acting on logical qubits 共left兲 and clock qubits 共right兲.
Hin acts on all n logical qubits and the first clock qubit. By
annihilating time-zero clock states coupled with classical input x, Hin ensures that valid input state 共兩x典 丢 兩0 ¯ 0典兲 is in
the low-energy eigenspace:
n

Hin = 兺 共1 − 兩xi典具xi兩兲 丢 兩0典具0兩1
i=1

冉 冊兺

1
+
4

n

关1 − 共− 1兲xizi 兴 丢 共1 + z1兲.

共5兲

i=1

Hclock is an operator on clock qubits ensuring that valid unary
clock states 兩00¯ 0典, 兩10¯ 0典, 兩110¯ 0典, etc., span the lowenergy eigenspace
T−1

Hclock = 兺 兩01典具01兩共t,t+1兲

冋

t=1

T−1

册

1
z
,
=
共T − 1兲1 + z1 − Tz − 兺 zt 共t+1兲
4
t=1

共7兲

where operators 兩t典具t − 1兩 = 兩110典具100兩共t−1,t,t+1兲, etc., act on
clock qubits t − 1, t, and t + 1 and where the operator Ut is the
tth gate in the circuit. For the boundary cases 共t = 1 , T兲, one
writes Hprop,t by omitting a clock qubit 共t − 1 and t + 1, respectively兲.
We have now explained all the terms in the Hamiltonian
from Eq. 共3兲—a key building block used to prove the QMAcompleteness of 5-LOCAL HAMILTONIAN 关8兴. The construction reviewed in the present section was also used in a proof
of the polynomial equivalence between quantum circuits and
adiabatic evolutions 关10兴. Which physical systems can implement the Hamiltonian model of computation from Eq. 共3兲?
Ideally, we wish to find a simple Hamiltonian that is in principle realizable using current, or near-future technology. The
ground states of many physical systems are real-valued, such
as the ground states of the Hamiltonians from Eqs. 共1兲 and
共2兲. So a logical first step in our program is to show the
QMA-completeness of general real-valued local Hamiltonians.
A. The QMA-completeness of real-valued Hamiltonians

Bernstein and Vazirani showed that arbitrary quantum circuits may be represented using real-valued gates operating
on real-valued wave functions 关16兴. Using this idea, one can
show that 5-LOCAL REAL HAMILTONIAN is already QMAcomplete—leaving the proofs in Ref. 关8兴 otherwise intact and
changing only the gates used in the circuits. Hin from Eq. 共5兲
and Hclock from Eq. 共6兲 are already real-valued and at most
two-local. Now consider the terms in Hprop from Eq. 共7兲 for
the case of self-inverse elementary gates Ut = U†t
1
U
z
z
z
z
Hprop,t = 共1 − 共t−1兲
兲共1 + 共t+1兲
兲 − 共1 − 共t−1兲
兲xt 共1 + 共t+1兲
兲.
4
4
共8兲
For the boundary cases 共t = 1 , T兲, we define
1
1
Hprop,1 = 共1 + z2兲 − U1 丢 共x1 + x1z2兲,
2
2
1
1
z
z
兲 − UT 丢 共Tx − 共T−1兲
Tx兲.
Hprop,T = 共1 − 共T−1兲
2
2

共6兲

where the superscript 共t , t + 1兲 indicates the clock qubits acted
on by the projection. This Hamiltonian has a simple physical
interpretation as a line of ferromagnetically coupled spins
with twisted boundary conditions, so that the ground state is

共9兲

The terms from Eqs. 共8兲 and 共9兲 acting on the clock space are
already real-valued and at most three-local. As an explicit
example of the gates Ut, let us define a universal real-valued
and self-inverse two-qubit gate

012352-2
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1
1
Rij共兲 = 共1 + zi 兲 + 共1 − zi 兲 丢 关sin共兲xi + cos共兲zj 兴.
2
2
The gate sequence Rij共兲Rij共 / 2兲 recovers the universal gate
from Refs. 关17兴. This is a continuous set of elementary gates
parametrized by the angle . Discrete sets of self-inverse
gates which are universal are also readily constructed. For
example, Shi showed that a set comprising the controlledNOT 共CNOT兲 plus any one-qubit gate whose square does not
preserve the computational basis is universal 关13兴. We immediately see that a universal set of self-inverse gates cannot
contain only the CNOT and a single one-qubit gate. However,
the set 兵CNOT , X , cos X + sin Z其 is universal for any single
value of  which is not a multiple of  / 4.
A reduction from 5-LOCAL to 2-LOCAL HAMILTONIAN was
accomplished by the use of gadgets that reduced three-local
Hamiltonian terms to two-local terms 关14兴. From the results
in Ref. 关14兴 共see also Ref. 关15兴兲 and the QMA-completeness
of 5-LOCAL REAL HAMILTONIAN, it now follows that 2-LOCAL
REAL HAMILTONIAN is QMA-complete and universal for
adiabatic quantum computation. We note that the real product iy 丢 yj , or tensor powers thereof, are not necessary in
any part of our construction, and so Hamiltonians composed
of the following pairwise products of real-valued Pauli matrices are QMA-complete and universal for adiabatic quantum computation 关25兴
兵1,1 丢 x,1 丢 z, x 丢 1,

z 丢 1, x 丢 z, z 丢 x, x 丢 x, z 丢 z其.

共10兲

To prove our theorems 共1兲 and 共2兲, we will next show that
one can approximate all the terms from Eq. 共10兲 using either
the ZX or ZZXX Hamiltonians—the Hamiltonians from Eqs.
共1兲 and 共2兲, respectively. We do this using perturbation
theory 关14,15兴 to construct gadget Hamiltonians that approximate the operators zi xj and xi zi with terms from the
ZZXX Hamiltonian as well as the operators zi zi and xi xj
with terms from the ZX Hamiltonian.

FIG. 1. The ZZXX gadget used to approximate the operator zi xj
using only xx and zz interactions. The present figure presents a
diagrammatic representation of the perturbation Hamiltonian V
= V1 + V2 + V3 from Eq. 共12兲 applied to qubits i , j and k. Not shown
in the present figure is an overall constant energy shift of D.

V1 = 关Y + D共xj + 1兲兴 丢 1k − Azi 丢 兩0典具0兩k ,
V2 = B共xj + 1兲 丢 xk,

V3 = Czi 丢 兩1典具1兩k .

The term V2 above allows the mediator qubit k to undergo
virtual excitations and applies an x term to qubit j during
transitions between the L− and L+ subspaces. During excitation into L+, the term V3 applies a z term to qubit i. This
perturbation is illustrated in Fig. 1
Let ⌸⫾ be projectors on L⫾; for arbitrary operator O we
define O⫾⫿ = ⌸⫾O⌸⫿ 共O⫾⫾ = ⌸⫾O⌸⫾兲 and let 共O兲 denote
the lowest eigenvalue of O. One approximates 共Htarg兲 of the
desired low-energy effective two-local Hamiltonian by a realizable two-local physical Hamiltonian H̃ = H p + V, where
共H̃兲 is calculated using perturbation theory. The spectrum of
H̃−− is approximated by the projection of the self-energy operator ⌺共z兲 for real-valued z which has the following series
expansion
0th

1st

+ V−+G++共z兲V+G++共z兲V+−
3rd

We use the ZZXX Hamiltonian from Eq. 共1兲 to construct
the interaction zi xj from xx and zz interactions. Let
Heff = ␣ijzi xj 丢 兩0典具0兩k, where qubit k is an ancillary qubit
and define the penalty Hamiltonian Hp and corresponding
Green’s function G共z兲 as follows:

␦

def

and

G共z兲 = 共z1 − H p兲−1 .

2nd

⌺−−共z兲 = Hp− + V−− + V−+G++共z兲V+−

B. The ZZXX gadget

H p = ␦兩1典具1兩k = 共1 − zk兲
2

共12兲

共11兲

+ O共储V储 ␦ 兲 + ¯ .
4 −3

共13兲

Note that with our penalty Hamiltonian H−− = 0, and for the
perturbing Hamiltonian V = V1 + V2 + V3 only V1 is nonzero in
the low energy subspace, V1 and V3 are nonzero in the highenergy subspace, and only V2 induces transitions between the
two subspaces. The nonzero projections are

H p splits the Hilbert space into a degenerate low-energy
eigenspace L− = span兵兩兩sis j典兩0典兩 ∀ si , s j 苸 兵0 , 1其其, in which qubit k is 兩0典, and a ␦ energy eigenspace L+
= span兵兩兩sis j典兩1典兩 ∀ si , s j 苸 兵0 , 1其其, in which qubit k is 兩1典.
First, we give the ZZXX Hamiltonian which produces an
effective zz interaction in the low-energy subspace. Let Y
be an arbitrary ZZXX Hamiltonian acting on qubits i and j
and consider a perturbation V = V1 + V2 + V3 that breaks the L−
zero eigenspace degeneracy by creating an operator O共⑀兲
close to Heff in this space:
012352-3

V1−− = 关Y + Azi + D共xj + 1兲兴 丢 兩0典具0兩k ,
V2−+ = B共xj + 1兲 丢 兩0典具1兩k ,
V2+− = B共xj + 1兲 丢 兩1典具0兩k ,
V3++ = V3 ,
V+ = 关Y + Czi + D共xj + 1兲兴 丢 兩1典具1兩k .

共14兲

The series expansion of the self-energy follows directly:
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coupling which depends on the strength of the zi term in Y.
If Y is regarded as the net uncontrolled physical Hamiltonian
coupling i and j 共a source of error兲 it is only the local zi field
which contributes to an error in the zz coupling strength.
We make the following choices for our gadget parameters
A, B, C, and D:

1st:关Y − Azi + D共xj + 1兲兴 丢 兩0典具0兩k ,
2nd:

3rd:

B2
共x + 1兲2 丢 兩0典具0兩k ,
z−␦ j

B 2C
共x + 1兲zi 共xj + 1兲 丢 兩0典具0兩k
共z − ␦兲2 j
+

B2
共x + 1兲Y共xj + 1兲 丢 兩0典具0兩k
共z − ␦兲2 j

+

4DB2 x
共 + 1兲3 丢 兩0典具0兩k .
共z − ␦兲2 j

A = ␣ij,

⌺−−共z兲 ⯝ Ỹ +
+

冉

冉

冊

2B C
− A zi
共z − ␦兲2

共15兲

冊

+ O共储V储4␦−3兲 + ¯ .

共16兲

Ỹ is the interaction between qubits i and j which is the original physical interaction dressed by the effect of virtual excitations into the high-energy subspace
B2
共x + 1兲Y共xj + 1兲.
Ỹ = Y +
共z − ␦兲2 j

Y = hizi + h jzj + ⌬ixi + ⌬ jxj + Jijzi zj + Kijxi xj . 共18兲
The new dressed coupling strengths are

冉

⌬i 哫 ⌬i 1 +

冊

冉

冉

冊

2B2
,
共z − ␦兲2

2B2
2B2
+
Kij ,
共z − ␦兲2
共z − ␦兲2

⌬j 哫 ⌬j 1 +

Kij 哫 Kij 1 +

C=

Ē

冉冊

␣ij ␦
2 Ē

2/3

D = 2␦1/3Ē2/3 ,

,

where Ē is an energy scale parameter to be fixed later. We
expand the self-energy 共16兲 in the limit where z is constant
关z = O共1兲 Ⰶ ␦兴. Writing 共z − ␦兲−1 ⯝ − ␦1 + O共 ␦12 兲 gives
⌺共0兲−− = Ỹ + ␣ijzi xj + 8

Ē4/3

␦1/3

共xj + 1兲 + O共储V储4␦−3兲 + ¯ .

冊

2B2
,
共z − ␦兲2

冊

2B2
2B2
⌬i
2 +
共z − ␦兲
共z − ␦兲2

For the self-energy to become O共⑀兲 close to Y + ␣ijzi xj
丢 兩0典具0兩k, the error terms in Eq. 共22兲 must be bounded above
by ⑀ through an appropriate choice of ␦. Define a lower
bound on the spectral gap ␦ as an inverse polynomial in ⑀:
␦ ⱖ Ē⑀−r, where Ē is a constant and integer r ⱖ 1. Now bound
r by considering the 共weak兲 upper bound on 储V储:
储V储 ⱕ 储Y储 + 兩␣ij兩 + 4␦1/3Ē2/3 + 2Ē

共19兲

冉冊
␦

2/3

+

Ē

冉冊

兩␣ij兩 ␦
2 Ē

2/3

.
共23兲

The largest term in ␦−3储V储4 is O关Ē共Ē / ␦兲1/3兴, and so in order
that ␦−3储V储4 ⬍ ⑀ we require r ⱖ 3. This also bounds the term
below fourth order, Ē4/3␦−1/3 = O共Ē⑀兲 and so for z Ⰶ ␦ we obtain 储⌺−−共z兲 − Heff储 = O共⑀兲. In fact, ⌺共0兲−− = Heff + Ē⑀共xj + 1兲.
Now apply theorem 共3兲 from Ref. 关14兴 and it follows that
兩共Heff兲 − 共H̃兲兩 = O共⑀兲. It also follows from lemma 共11兲 of
Ref. 关14兴 that the ground-state wave function of Heff is also
close to the ground state of our gadget.
The ZZXX Hamiltonian 共1兲 allows for the direct realization of all terms in Eq. 共10兲 except for zx and xz interactions. These terms can be approximated with only O共⑀兲
error using the gadget in the present section—thereby showing that the ZZXX Hamiltonian can efficiently approximate
all terms from Eq. 共10兲. Similarly, the ZX Hamiltonian allows
for the direct realization of all terms in Eq. 共10兲 except for
zz and xx interactions. These terms will be approximated with only O共⑀兲 error by defining gadgets in the coming sections—showing that the ZX Hamiltonian can also be
used to efficiently approximate all terms from Eq. 共10兲.

with additional couplings
2

Ē,

共17兲

In practice there will always be some interaction between
qubits i and j. We assume Y is a ZZXX Hamiltonian and
express the dressed Hamiltonian Ỹ in terms of modified coupling coefficients. Writing the physical Hamiltonian

冉

2/3

共22兲

4DB2
2B2C z x
2B2
x
+D+

2 共 j + 1兲 +
z−␦
共z − ␦兲
共z − ␦兲2 i j

hi 哫 hi 1 +

冉冊
␦

共21兲

The self-energy in the low-energy subspace 共where qubit k is
in state 兩0典兲 is therefore
2

B=

C. The ZZ from ZX gadget
2

2B
2B
h i z x .
2 ⌬ j1 +
共z − ␦兲
共z − ␦兲2 i j

共20兲

We see that the effect of the gadget on any existing physical
interaction is to modify the coupling constants, add an overall shift in energy, and to add a small correction to the zz

We approximate the operator ␤ijzi zj using the ZX Hamiltonian in Eq. 共2兲 by defining a penalty Hamiltonian as in Eq.
共11兲. The required perturbation is a sum of terms V = V1
+ V 2:

012352-4

V1 = Y + A兩0典具0兩k,

V2 = B共zi − zj 兲 丢 xk .

共24兲
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terms in Eq. 共10兲 except for xx interactions. These interactions can also be approximated with only O共⑀兲 error by
defining an additional gadget in the next section.

The nonzero projections are
V1++ = Y 丢 兩1典具1兩k,

V1−− = 共Y + A1兲 丢 兩0典具0兩k ,

V2+− = B共zi − zj 兲 丢 兩1典具0兩k,

V2−+ = B共zi − zj 兲 丢 兩0典具1兩k .
共25兲

V1 does not couple the low- and high-energy subspaces and
V2 couples the subspaces but is zero in each subspace. The
series expansion of the self-energy follows directly:

D. The XX from ZX gadget

An   coupling may be produced from the zx coupling as follows. We define a penalty Hamiltonian and corresponding Green’s function
x x

␦

H p = 共1 − xk兲 = ␦兩− 典具− 兩,
2

1st:共Y + A1兲 丢 兩0典具0兩k ,
2nd:

3rd:

B2共zi − zj 兲2
丢 兩0典具0兩k ,
共z − ␦兲

B2
共z − zj 兲Y共zi − zj 兲 丢 兩0典具0兩k .
共z − ␦兲2 i

共26兲

Note that in this case the desired terms appear at second
order in the expansion, rather than at third order as was the
case for the ZX from ZZXX gadget. The terms which dress
the physical Hamiltonian Y coupling qubits i and j appear at
third order. The series expansion of the self-energy in the
low-energy subspace is

zi zj 兲

2B 共1 −
共z − ␦兲
2

⌺共z兲−− = 共Ỹ + A1兲 +

V1 = Y 丢 1k + A兩 + 典具+ 兩k,

= Y 丢 兩− 典具− 兩k ,
V1−− = Y 丢 兩 + 典具+ 兩k + A兩 + 典具+ 兩k ,
V2+− = 兩− 典具− 兩V2兩 + 典具+ 兩k

B
共z − zj 兲Y共zi − zj 兲.
共z − ␦兲2 i

Y=

+

+

⌬ixi

+

⌬ jxj

+

Jijzi xj

+

Kijxi zj .

2B2共hi − h j兲
,
共z − ␦兲2

h j 哫 hi +

= B共xi − xj 兲兩− 典具+ 兩k ,

共28兲

共29兲

We obtain modified coupling strengths
hi 哫 hi +

V2−+ = 兩 + 典具+ 兩V2兩− 典具− 兩k
= B共xi − xj 兲兩 + 典具− 兩k .

2B2共h j − hi兲
. 共30兲
共z − ␦兲2

1st:共Y + A1兲 丢 兩 + 典具+ 兩k ,
2nd:

冑

⌺共0兲−− = Ỹ +

+ O共储V储 ␦ 兲.
4 −3

储V储 ⱕ 储Y储 + ␤ij + 冑2␤ij␦ .

3rd:

共31兲

We again choose ␦ to be an inverse power in a small parameter ⑀ so that ␦ ⱖ Ē⑀−s, and again use the 共weak兲 upper bound
on 储V储:
共32兲

The largest term in 储V储4␦−3 is 4␤2ij␦−1, and so in order that
储V储4␦−3 ⬍ ⑀ we require r ⱖ 1.
Using the gadget defined in the present section, the ZX
Hamiltonian can now be used to efficiently approximate all

共35兲

Once more we see that the perturbation V1 does not couple
the subspaces, whereas V2 couples the subspaces but is zero
in each subspace. This perturbation is illustrated in Fig. 3.
The series expansion of the self-energy follows:

In this case only the local Z field strengths are modified.
We choose values for the perturbation interaction
␤ ␦
strengths as follows: B = 2ij and A = ␤ij and expand the
self-energy in the limit where z is constant 关z = O共1兲 Ⰶ ␦兴:

␤ijzi zj

共34兲

V1++ = 兩− 典具− 兩V1兩− 典具− 兩k

+ O共储V储4␦−3兲, 共27兲

We assume that the physical interaction Y between i and j
qubits is a ZX Hamiltonian and express the dressed Hamiltonian in terms of modified coupling constants. Writing the
physical Hamiltonian
h jzj

V2 = B共xi − xj 兲zk .

The nonzero projections are

2

hizi

1
兩− 典具− 兩k . 共33兲
z−␦

This penalty Hamiltonian splits the Hilbert space into a lowenergy subspace in which the ancilla qubit k is in state 兩 + 典
= 共兩0典 + 兩1典兲 / 冑2 and a high-energy subspace in which the ancilla qubit k is in state 兩−典 = 共兩0典 − 兩1典兲 / 冑2.
The perturbation is a sum of two terms V = V1 + V2, where
V1 and V2 are given by

where the dressed interaction Ỹ is defined as
Ỹ = Y +

G++ =

B2共xi − xj 兲2
丢 兩 + 典具+ 兩k ,
共z − ␦兲

B2
共x − xj 兲Y共xi − xj 兲.
共z − ␦兲2 i

共36兲

Again we see that the desired term appears at second order,
while the third-order term is due to the dressing of the physical interaction Y between qubits i and j. In the low-energy
subspace the series expansion of the self-energy to third order is
⌺共z兲−− = 共Ỹ + A1兲 +

2B2共1 − xi xj 兲
共z − ␦兲

+ O共储V储4␦−3兲, 共37兲

where the dressed interaction Ỹ is defined as
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FIG. 2. The ZZ from ZX gadget: The present figure presents a
diagrammatic representation of the perturbative Hamiltonian V
= V1 + V2 from Eq. 共24兲 applied to qubits i , j and k. In addition to
these terms shown in the present figure, there is an overall energy
shift of A / 2.

B2
Ỹ = Y +
共x − xj 兲Y共xi − xj 兲.
共z − ␦兲2 i

共38兲

Once more we assume the physical Hamiltonian Y is a ZX
Hamiltonian 关25兴 and we describe the effects of dressing to
low order in terms of the new dressed coupling strengths
2B2共⌬i − ⌬ j兲
,
⌬i 哫 ⌬i +
共z − ␦兲2

2B2共⌬ j − ⌬i兲
⌬ j 哫 ⌬i +
,
共z − ␦兲2
共39兲

and in this case only the local X field strengths are modified.
Choosing values for our gadget parameters A = ␥ij and B
␥ ␦
= 2ij and expanding the self-energy in the limit where z is
constant 关z = O共1兲 Ⰶ ␦兴 gives

冑

⌺共0兲−− = Ỹ 丢 兩 + 典具+ 兩k + ␥ijxi xj 丢 兩 + 典具+ 兩k + O共储V储4␦−3兲.
共40兲
As before, this self-energy may be made O共⑀兲 close to the
target Hamiltonian by a bound ␦ ⱖ Ē⑀−1.
Summary. The proof of theorem 共1兲 follows from the simultaneous application of the ZZXX gadget illustrated in Fig.
1 to realize all zx terms in the target Hamiltonian using a
ZZXX Hamiltonian. Similarly, application of the two gadgets
illustrated in Figs. 2 and 3 to realize xx and zz terms in
the target Hamiltonian proves the first part of theorem 共2兲.
Our result is based on theorem 共3兲 from Ref. 关14兴 which
allowed us to approximate 关with O共⑀兲 error兴 all the Hamil-
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FIG. 3. The XX from ZX gadget: The present figure presents a
diagrammatic representation of the perturbative Hamiltonian V
= V1 + V2 from Eq. 共34兲 applied to qubits i , j and k. In addition to the
terms shown in the present figure, there is an overall energy shift of
A / 2. The penalty term applied to qubit k is the x basis.

tonian terms from Eq. 共3兲 using either the ZZXX or ZX
Hamiltonians. It also follows from Lemma 共11兲 of Ref. 关14兴
that the ground-state wave function of Heff is also close to the
ground state of our gadget. So to complete our proof, it is
enough to show that each gadget satisfies the criteria given in
theorem 共3兲 from Ref. 关14兴.
III. CONCLUSION

The objective of this work was to provide simple model
Hamiltonians that are of practical interest for experimentalists working toward the realization of a universal adiabatic
quantum computer. Accomplishing such a task also enabled
us to find the simplest known QMA-complete two-local
Hamiltonians. The xx coupler is realizable using systems
including capacitive coupling of flux qubits 关18兴 and spin
models implemented with polar molecules 关19兴. In addition,
a zx coupler for flux qubits is given in Ref. 关20兴. The ZX
and ZZXX Hamiltonians enable gate model 关21兴, autonomous
关22兴, measurement-based 关23兴, and universal adiabatic quantum computation 关10,14,15兴, and may also be useful for
quantum annealing 关24兴. For these reasons, the reported
Hamiltonians are of interest to those concerned with the
practical construction of a universal adiabatic quantum computer.
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